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Abstract
In this paper, we study the existence of multiple solutions to a Caffarelli-
Kohn-Nirenberg type equation with asymptotically linear term at infinity.
In this case, the well-known Ambrosetti-Rabinowtz type condition doesn’t
hold, hence it is difficult to verify the classical (PS)c condition. To overcome
this difficulty, we use an equivalent version of Cerami’s condition, which
allows the more general existence result.
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1 Introduction.
In this paper, we shall investigate the existence of multiple solutions to the fol-
lowing Caffarelli-Kohn-Nirenberg type equation with asymptotically linear term
at infinity: {
−div (|x|−ap|Du|p−2Du) = |x|−(a+1)p+cf(u), in Ω
u = 0, on ∂Ω,
(1.1)
where Ω ⊂ Rn is an open bounded domain with C1 boundary and 0 ∈ Ω, 1 <
p < n, 0 ≤ a < n−p
p
, c > 0 and f(u) satisfies the following conditions:
∗Supported by Grant 10101024 and 10371116 from the National Natural Science Foundation
of China.
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(f1) f ∈ C(R, R), f(0) = 0, f(−t) = −f(t) for all t ∈ R;
(f2) lim
t→0
f(t)
|t|p−2t
= 0;
(f3) (Asymptotically linear at infinity) lim
|t|→∞
f(t)
|t|p−2t
= l <∞;
(f′3) (Subcritical growth) Suppose lim
|t|→∞
f(t)
t
= ∞, and there exists some r ∈
[p, p∗) with p∗ :=
(n− (a+ 1)p+ c)p
n− (a+ 1)p
such that
|f(t)| ≤ C1|t|
p−1 + c2|t|
r−1 for some C1, C2 > 0;
(f4)
f(t)
|t|p−2t
is nondecreasing in t ≥ 0;
(f5) lim
|t|→∞
{f(t)t− pF (t)} = +∞.
For a = 0, c = p = 2, Brezis and Nirenberg [4] considered the existence of
positive solutions of problem (1.1) in the case where f(u) is a lower-order pertur-
bation of the critical nonlinearity. They first showed that lower-order terms can
reverse the nonexistence and cause positive solutions to exist. After the pioneer-
ing work [4], there are many existence and non-existence results of problem (1.1)
in many different cases, e.g., Guedda and Veron [11] considered the quasilinear
elliptic equations involving critical Sobolev exponents; Zhu and Yang [14, 15] also
considered the quasilinear elliptic equations involving critical Sobolev exponents
in bounded or unbounded domains. [1] and [12] considered the combined effects
of concave and convex nonlinearities in the semilinear or quasilinear elliptic equa-
tions respectively. [10] and [16] considered the existence of multiple solutions to
critical quasilinear equations with singular symmetric coefficient or cylindrical
symmetric coefficient. All of the above results were based on, among some other
structural conditions, the following well-known Ambrosetti-Rabinowtz type con-
dition (cf. [2]), that is, there exists α > p such that for u ∈ R and |u| large
enough, there holds
αF (u) ≤ uf(u), (1.2)
where F (u) =
∫ u
0
f(t) dt. The Ambrosetti-Rabinowtz type condition (1.2) en-
sures the boundedness of the Palais-Smale sequence of the corresponding energy
functional, then combining with other conditions, one can deduced the conver-
gence of the Palais-Smale sequence. By simple calculation, it is easy to show that
condition (1.2) implies that
F (u) ≥ C|u|α,
2
for some C > 0 and |u| large enough. Noting that α > p, condition (1.2) is
not satisfied if f(u) is asymptotically linear at infinity, i.e., f(u) satisfies condi-
tion (f3). This causes difficulty in proving the boundedness of the Palais-Smale
sequence. Recently, Li and Zhou [13] used an improved Mountain Pass Lemma
with the usual Palais-Smale condition replaced by the Cerami weaker compact-
ness condition (C) to obtain the existence of multiple solutions to problem (1.1)
in the non-singular case, i.e., a = 0, c = p. In this paper, we shall extend the
results in [13] to the singular case, i.e., 0 ≤ a < n−p
p
, c > 0.
2 Preliminaries
First, we recall an equivalent version of Cerami’s condition as follows (cf. [7]):
Definition 2.1 (Condition (C)) Let X be a Banach space. E ∈ C1(X,R) is
said to satisfy condition (C) at level d ∈ R, if the following fact is true: any
sequence {um} ⊂ X, which satisfies
E(um)→ d and (1 + ‖um‖)‖E
′(um)‖X′ → 0, as m→∞,
possesses a convergent subsequence.
As shown in [3], [7] and [13], under condition (C), there also hold the defor-
mation lemma, Mountain Pass Lemma or saddle point theorem and Symmet-
ric Mountain Pass Lemma. The following version of Symmetric Mountain Pass
Lemma is due to Li and Zhou [13]: Let X be an infinite dimensional real Banach
space, E ∈ C1(X,R), Aˆ0 = {u ∈ X : E(u) ≥ 0},
Γ∗ = {h : h(0) = 0, h is an odd homeomorphism of X and h(B(0, 1)) ⊂ Aˆ0};
Γm = {K ⊂ X : K is compact, symmetric with respect to the origin,
and for any h ∈ Γ∗, there holds γ(K ∩ h(∂B(0, 1))) ≥ m},
where γ(A) is the Krasnoselskii genus of A. If Γm 6= ∅, define
bm = inf
K⊂Γm
max
u∈K
E(u).
Lemma 2.2 (Symmetric Mountain Pass Lemma) Let e1, e2, · · · , em, · · · be
linearly independent in X, and Xi = span {e1, · · · ei}, i = 1, 2, · · · , m, · · · . Sup-
pose that E ∈ C1(X,R) satisfies E(0) = 0, E(−u) = E(u), and condition (C) at
all level d ≥ 0. Furthermore, there exists ρ > 0, α > 0 such that E(u) > 0 in
B(0, ρ) \ {0} and E|∂B(0,ρ) ≥ α.
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Then, if Xm∩Aˆ0 is bounded, then Γm 6= ∅ and bm ≥ α > 0 is critical. Moreover,
if Xm+i ∩ Aˆ0 is bounded for all i = 1, · · · , l, and
b = bm+1 = · · · = bm+l,
then γ(Kb) ≥ l, where Kb = {u ∈ X ; E(u) = b, E
′(u) = 0}. if Xm ∩ Aˆ0 is
bounded for all m, then E(u) possesses infinitely many critical values.
To apply Lemma 2.2 to obtain the multiple results of problem (1.1) with a ≥ 0,
we need the following weighted Sobolev-Hardy inequality due to Caffarelli, Kohn
and Nirenberg [5], which is called the Caffarelli-Kohn-Nirenberg inequality. Let
1 < p < n. For all u ∈ C∞0 (R
n), there is a constant Ca,b > 0 such that
(∫
Rn
|x|−bq|u|q dx
)p/q
≤ Ca,b
∫
Rn
|x|−ap|Du|p dx, (2.1)
where
−∞ < a <
n− p
p
, a ≤ b ≤ a+ 1, q = p∗(a, b) =
np
n− dp
, d = 1 + a− b. (2.2)
Let Ω ⊂ Rn is an open bounded domain with C1 boundary and 0 ∈ Ω, D1,pa (Ω)
be the completion of C∞0 (R
n), with respect to the norm ‖ · ‖ defined by
‖u‖ =
(∫
Ω
|x|−ap|Du|p dx
)1/p
.
From the boundedness of Ω and the standard approximation argument, it is easy
to see that (2.1) holds for any u ∈ D1,pa (Ω) in the sense:( ∫
Ω
|x|−α|u|t dx
)p/t
≤ C
∫
Ω
|x|−ap|Du|p dx, (2.3)
for 1 ≤ t ≤ np
n−p
, α ≤ (1 + a)t + n(1 − t
p
), that is, the embedding D1,pa (Ω) →֒
Lt(Ω, |x|−α) is continuous, where Lt(Ω, |x|−α) is the weighted Lr space with norm:
‖u‖t,α := ‖u‖Lt(Ω,|x|−α) =
(∫
Ω
|x|−α|u|t dx
)1/t
.
In fact, we have the following compact embedding result which is an extension
of the classical Rellich-Kondrachov compactness theorem (cf. [6] for p = 2 and
[18] for the general case). For the convenience of readers, we include the proof
here.
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Theorem 2.3 (Compact embedding theorem) Suppose that Ω ⊂ Rn is an
open bounded domain with C1 boundary and 0 ∈ Ω, 1 < p < n, −∞ < a < n−p
p
.
The embedding D1,pa (Ω) →֒ L
t(Ω, |x|−α) is compact if 1 ≤ t < np
n−p
, α < (1+a)t+
n(1− t
p
).
Proof. The continuity of the embedding is a direct consequence of the Caffarelli-
Kohn-Nirenberg inequality (2.1) or (2.3). To prove the compactness, let {um} be
a bounded sequence in D1,pa (Ω). For any ρ > 0 with Bρ(0) ⊂ Ω is a ball centered
at the origin with radius ρ, there holds {um} ⊂ W
1,p(Ω \ Bρ(0)). Then the
classical Rellich-Kondrachov compactness theorem guarantees the existence of a
convergent subsequence of {um} in L
t(Ω\Bρ(0)). By taking a diagonal sequence,
we can assume without loss of generality that {um} converges in L
t(Ω \ Bρ(0))
for any ρ > 0.
On the other hand, for any 1 ≤ t < np
n−p
, there exists a b ∈ (a, a + 1] such
that t < q = p∗(a, b) = np
n−dp
, d = 1 + a − b ∈ [0, 1). From the Caffarelli-Kohn-
Nirenberg inequality (2.1) or (2.3), {um} is also bounded in L
q(Ω, |x|−bq). By the
Ho¨der inequality, for any δ > 0, there holds∫
|x|<δ
|x|−α|um − uj|
t dx ≤
(∫
|x|<δ
|x|−(α−bt)
q
q−t dx
)1− t
q
×
( ∫
Ω
|x|−bt|um − uj|
t dx
)t/q
≤ C
(∫ δ
0
rn−1−(α−bt)
q
q−t dr
)1− t
q
= Cδn−(α−bt)
q
q−t ,
(2.4)
where C > 0 is a constant independent of m. Since α < (1+a)t+n(1− t
p
), there
holds n − (α − bt) q
q−t
> 0. Therefore, for a given ε > 0, we first fix δ > 0 such
that ∫
|x|<δ
|x|−α|um − uj|
t dx ≤
ε
2
, ∀ m, j ∈ N.
Then we choose N ∈ N such that∫
Ω\Bδ(0)
|x|−α|um − uj|
t dx ≤ Cα
∫
Ω\Bδ(0)
|um − uj|
t dx ≤
ε
2
, ∀ m, j ≥ N,
where Cα = δ
−α if α ≥ 0 and Cα = (diam (Ω))
−α if α < 0. Thus∫
Ω
|x|−α|um − uj|
t dx ≤ ε, ∀ m, j ≥ N,
that is, {um} is a Cauchy sequence in L
q(Ω, |x|−bq). 
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On X = D1,pa (Ω), we define functional E as
E(u) =
1
p
∫
Ω
|x|−ap|Du|p dx−
∫
Ω
|x|−(a+1)p+cF (u) dx.
By Theorem 2.3 and assumptions (f1)–(f3) or (f
′
3), it is easy to show that E is well-
defined and of class C1(X,R), the weak solutions of problem (1.1) is equivalent
to the critical points of E. (f1) implies that 0 is a trivial solution to problem
(1.1).
In order to express our main theorem, we also need some results of the eigen-
value problem correspondent to problem (1.1) in [17]. Let us first recall the main
results of [17]. Consider the nonlinear eigenvalue problem:{
−div (|x|−ap|Du|p−2Du) = λ|x|−(a+1)p+c|u|p−2u, in Ω
u = 0, on ∂Ω,
(2.5)
where Ω ⊂ Rn is an open bounded domain with C1 boundary and 0 ∈ Ω, 1 <
p < n, 0 ≤ a < n−p
p
, c > 0.
Let us introduce the following functionals in D1,pa (Ω):
Φ(u) :=
∫
Ω
|x|−ap|Du|p dx, and J(u) :=
∫
Ω
|x|−(a+1)p+c|u|p dx.
For c > 0, J is well-defined. Furthermore, Φ, J ∈ C1(D1,pa (Ω),R), and a real value
λ is an eigenvalue of problem (2.5) if and only if there exists u ∈ D1,pa (Ω) \ {0}
such that Φ′(u) = λJ ′(u). At this point, let us introduce set
M := {u ∈ D1,pa (Ω) : J(u) = 1}.
Then M 6= ∅ and M is a C1 manifold in D1,pa (Ω). It follows from the standard
Lagrange multiples arguments that eigenvalues of (2.5) correspond to critical
values of Φ|M. From Theorem 2.3, Φ satisfies the (PS) condition on M. Thus a
sequence of critical values of Φ|M comes from the Ljusternik-Schnirelman critical
point theory on C1 manifolds. Let γ(A) denote the Krasnoselski’s genus on
D1,pa (Ω) and for any k ∈ N, set
Γk := {A ⊂M : A is compact, symmetric and γ(A) ≥ k}.
Then values
λk := inf
A∈Γk
max
u∈A
Φ(u) (2.6)
are critical values and hence are eigenvalues of problem (2.5). Moreover, λ1 ≤
λ2 ≤ · · · ≤ λk ≤ · · · → +∞.
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One can also define another sequence of critical values minimaxing Φ along a
smaller family of symmetric subsets of M. Let us denote by Sk the unit sphere
of Rk+1 and
O(Sk,M) := {h ∈ C(Sk,M) : h is odd}.
Then for any k ∈ N, the value
µk := inf
h∈O(Sk−1,M)
max
t∈Sk−1
Φ(h(t)) (2.7)
is an eigenvalue of (2.5). Moreover λk ≤ µk. This new sequence of eigenvalues
was first introduced by [9] and later used in [8] and [7] for a = 0, c = p.
3 Main theorem
In this section, we shall prove the following main theorem:
Theorem 3.1 Assume that f satisfies assumptions (f1)-(f3), and λk is given by
(2.6). Then the following hold:
(i) If l ∈ (λk,+∞) is not an eigenvalue of problem (2.5), then problem (1.1)
has at least k pairs of nontrivial solutions in X;
(ii) Suppose that assumptions (f5) is satisfied, then the conclusion of (i) holds
even if l is an eigenvalue of problem (2.5);
(iii) If l = +∞, and assumptions (f′3)-(f4) hold, then problem (1.1) has infinitely
many nontrivial solutions.
We shall prove the above main theorem by verifying the assumptions in the
Symmetric Mountain Pass Lemma-Lemma 2.2. First, we prove some properties
of functional E.
Lemma 3.2 If assumptions (f1) and (f4) hold, then any sequence {um} ⊂ X with
< E ′(um), um >→ 0 as m → ∞ possesses a subsequence, still denoted by {um},
such that
E(tum) ≤
1 + tp
mp
+ E(um) (3.1)
holds for all t ∈ R, m ∈ N.
Proof. 1. From assumption < E ′(um), um >→ 0 as m → ∞, up to a subse-
quence, for m ∈ N, we may assume that
−
1
m
≤< E ′(um), um >= ‖um‖
p
X −
∫
Ω
|x|−(a+1)p+cf(um)um dx ≤
1
m
. (3.2)
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2. For any t ∈ R, m ∈ N, there holds
E(tum) ≤
tp
mp
+
∫
Ω
|x|−(a+1)p+c{
1
p
f(um)um − F (um)} dx. (3.3)
In fact, for any t > 0, m ∈ N, let
h(t) =
1
p
tpf(um)um − F (tum).
Then, from assumptions (f1) and (f4), a simple calculation implies that
h′(t) = |t|p−2tf(um)um − f(tum)um
= tp−2tupm
( f(um)
|um|p−2um
−
f(tum)
tp−2t|um|p−2um
)
=


≥ 0, for 0 < t ≤ 1
≤ 0, for t ≥ 1
and
h(t) ≤ h(1), for all t > 0. (3.4)
Therefore, from (3.2) and (3.4), t > 0, m ∈ N, there holds
E(tum) =
1
p
tp‖um‖
2
X −
∫
Ω
F (tum) dx
≤
1
p
tp{
1
m
+
∫
Ω
|x|−(a+1)p+cf(um)um dx}
−
∫
Ω
|x|−(a+1)p+cF (tum) dx
≤
tp
mp
+
∫
Ω
|x|−(a+1)p+c{
1
p
tpf(um)um − F (tum)} dx
≤
tp
mp
+
∫
Ω
|x|−(a+1)p+c{
1
p
f(um)um − F (um)} dx.
(3.5)
Combining the oddness of f , (3.5) implies that (3.3) holds for any t ∈ R, m ∈ N.
3. For any m ∈ N, there holds∫
Ω
|x|−(a+1)p+c{
1
p
f(um)um − F (um)} dx ≤
1
mp
+ E(um). (3.6)
In fact, from (3.2), there holds
E(um) =
1
p
‖um‖
p
X −
∫
Ω
|x|−(a+1)p+cF (um) dx
≥
1
p
{−
1
m
+
∫
Ω
|x|−(a+1)p+cf(um)um dx} −
∫
Ω
|x|−(a+1)p+cF (um) dx,
8
that is, (3.6) holds.
Combining (3.3) and (3.6) proves that (3.1) holds. 
Lemma 3.3 Let d ≥ 0. Assume that f satisfies assumptions (f1) and (f2). Then
the following hold:
i) E satisfies condition (C) at level d ≥ 0 if assumption (f3) holds and l is not
an eigenvalue of problem (2.5);
ii) E satisfies condition (C) at level d ≥ 0 if assumption (f3) holds, l is an
eigenvalue of problem (2.5) and assumption (f5) holds;
iii) E satisfies condition (C) at level d ≥ 0 if assumptions (f′3) and (f4) hold.
Proof. Suppose that {um} ⊂ X is a (C) sequence, that is, as m → ∞, there
hold
E(um)→ d ≥ 0 (3.7)
and
(1 + ‖um‖X)‖E
′(um)‖X′ → 0. (3.8)
It is easy to see that (3.8) implies that as m→∞, there hold
‖um‖
p
X −
∫
Ω
|x|−(a+1)p+cf(um)um dx = o(1) (3.9)
and ∫
Ω
|x|−ap|Dwm|
p−2Dwm ·Dv dx−
∫
Ω
|x|−(a+1)p+cf(um)v dx = o(1), (3.10)
for all v ∈ X , where, and in what follows, o(1) denotes any quantity that tends
to zero as m→∞.
From the compact embedding theorem 2.3 and the fact that f satisfies the
subcritical growth condition, to show that E satisfies condition (C) at level d ≥ 0,
it suffices to show the boundedness of (C) sequence {um} in X for each case.
i). Suppose that (f3) holds and l is not an eigenvalue of problem (2.5). Suppose,
by contradiction, that there exists a subsequence, still denoted by {um}, such
that as m→∞, there holds
‖um‖ → +∞.
Define
pm(x) =


f(um(x))
|um(x)|p−2um(x)
, if um(x) 6= 0
0, if um(x) = 0.
(3.11)
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Then from assumptions (f1)–(f3), there exists M > 0 such that
0 ≤ pm(x) ≤M, ∀ x ∈ Ω. (3.12)
Let
wm =
um
‖um‖
.
Obviously, {wm} is bounded in X . Then from Lemma 2.3, without loss of gener-
ality, assume that there exists w ∈ X such that as m→∞, there hold
wm ⇀ w weakly in X, (3.13)
wm → w a.e. in Ω (3.14)
and
wm → w strongly in L
r(Ω, |x|−(a+1)p+c), if 1 ≤ r < p∗. (3.15)
It is easy to show that w 6≡ 0. In fact, if w ≡ 0, then from (3.9), (3.12), (3.15)
and the definitions of pm and wm, as m→∞, there holds
1 = ‖wm‖ =
∫
Ω
|x|−(a+1)p+cpm|wm|
p dx+ o(1)
≤M
∫
Ω
|x|−(a+1)p+c|wm|
p dx+ o(1)→ 0,
which is a contradiction.
From (3.12), there exists h ∈ L∞(Ω) with 0 ≤ h ≤ M such that, up to a
subsequence, as m→∞, there holds
pm ⇀ h weakly
∗ in L∞(Ω).
Then from (3.15), there hold
pm|wm|
p−2wm ⇀ h|w|
p−2w weakly in Lp
′
(Ω, |x|−(a+1)p+c) (3.16)
where p′ = p/(p− 1), and∫
Ω
|x|−(a+1)p+cpm|wm|
p dx→
∫
Ω
|x|−(a+1)p+ch|w|p dx. (3.17)
On the other hand, from (3.9) and (3.10), there hold
‖wm‖
p
X =
∫
Ω
|x|−(a+1)p+cpm|wm|
p dx+ o(1) (3.18)
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and∫
Ω
|x|−ap|Dwm|
p−2Dwm ·Dv dx−
∫
Ω
|x|−(a+1)p+cpm|wm|
p−2wmv dx = o(1), (3.19)
for all v ∈ X , Therefore, from (3.16)–(3.19), there hold
‖wm‖
p
X =
∫
Ω
|x|−(a+1)p+ch|w|p dx+ o(1) (3.20)
and∫
Ω
|x|−ap|Dwm|
p−2Dwm ·Dv dx =
∫
Ω
|x|−(a+1)p+ch|w|p−2wv dx+ o(1), (3.21)
for all v ∈ X . It follows from (3.20) and (3.21) that∫
Ω
|x|−ap(|Dwm|
p−2Dwm − |Dw|
p−2Dw) · (Dwm −Dw) dx→ 0
as m→∞, which gives that
Dwm → Dw in L
p(Ω, |x|−ap).
Thus w satisfies∫
Ω
|x|−ap|Dw|p−2Dw ·Dv dx−
∫
Ω
|x|−(a+1)p+ch|w|p−2wv dx = 0, (3.22)
for all v ∈ X . Let
Ω+ = {x ∈ Ω : w(x) > 0},
Ω0 = {x ∈ Ω : w(x) = 0},
Ω− = {x ∈ Ω : w(x) < 0}.
Then um(x) → +∞ as m → ∞ if x ∈ Ω
+, and um(x) → −∞ as m → ∞ if
x ∈ Ω−. From assumption (f3), h(x) = l for all x ∈ Ω
+ ∪Ω−. Thus (3.22) implies
that w satisfies∫
Ω
|x|−ap|Dw|p−2Dw ·Dv dx = l
∫
Ω
|x|−(a+1)p+c|w|p−2wv dx, ∀ v ∈ X. (3.23)
This means that l is an eigenvalue of problem (2.5), which contradicts our as-
sumption, so {um} is bounded in X .
ii). Suppose l is an eigenvalue of problem (2.5), we need the additional assump-
tion (f5).
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From assumption (f5), there exists T0 > 0 such that
f(t)t− pF (t) ≥ 0 for all |t| ≥ T0
and there exists C0 = C0(T0) > 0 such that∫
{|um|≤T0}
|x|−(a+1)p+c[f(um)um − pF (um)] dx ≥ −C0. (3.24)
Furthermore, under assumptions (f1)-(f3), there exists M > 0 such that
|f(t)| ≤M |t|p−1, |F (t)| ≤
M
p
|t|p, ∀ t ∈ R. (3.25)
Let S > 0 be the best embedding constant such that
( ∫
Ω
|x|−(a+1)p+c|u|p∗ dx
)p/p∗ ≤ S ∫
Ω
|x|−ap|Du|p dx, ∀ u ∈ X. (3.26)
Let K = (dp+ C0)(2MS)
(n−(a+1)p)/c+1 where d is defined by (3.7), C0 by (3.24),
M by (3.25) and S by (3.26). From assumption (f5), there exists a T = T (K) >
T0 > 0 such that
f(t)t− pF (t) ≥ K, for all |t| > T. (3.27)
For the above T > 0 and each m ≥ 1, set
Am = {(x, y) ∈ Ω : |um(x, y)| ≥ T}, Bm = {(x, y) ∈ Ω : |um(x, y)| ≤ T}.
From estimates (3.24), (3.7), (3.9) and (3.27), there holds
dp+ o(1) =
∫
Ω
|x|−(a+1)p+c[f(um)um − pF (um)] dx
≥
∫
Am
|x|−(a+1)p+c[f(um)um − 2F (um)] dx− C0
≥ KC(Am)− C0,
(3.28)
where C(Am) :=
∫
Am
|x|−(a+1)p+c dx, noting that a < (n− p)/p, c > 0.
On the other hand, for any fixed r > p, from (3.7) and (3.9), there holds
(
1
p
−
1
r
)‖um‖
p
X −
∫
Ω
|x|−(a+1)p+c[F (um)−
1
r
f(um)um] dx = d+ o(1). (3.29)
Since Ω is bounded and f(t) ∈ C(R,R), there exists a constant C = C(Ω, f, T )
such that
|
∫
Bm
|x|−(a+1)p+c[F (um)−
1
r
f(um)um] dx| ≤ C, for all m ≥ 1. (3.30)
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Then, from (3.27)-(3.30) and Ho¨lder inequality, there holds
d+ o(1) ≥ (1
p
− 1
r
)‖um‖
p
X − C −
∫
Am
|x|−(a+1)p+c[F (um)−
1
r
f(um)um] dx
≥ (1
p
− 1
r
)‖um‖
p
X − C − (
1
p
− 1
r
)
∫
Am
|x|−(a+1)p+cf(um)um dx
≥ (1
p
− 1
r
)‖um‖
p
X − C − (
1
p
− 1
r
)M
∫
Am
|x|−(a+1)p+c|um|
p dx
≥ (1
p
− 1
r
)‖um‖
p
X − C − (
1
p
− 1
r
)M‖um‖
p
p∗(C(Am))
c/[n−(a+1)p+c]
≥ (1
p
− 1
r
)‖um‖
p
X − C − (
1
2
− 1
r
)MS‖um‖
p
X
(
dp+C0
K
+ o(1)
)c/[n−(a+1)p+c
≥ 1
2
(1
p
− 1
r
)‖um‖
p
X − C − (
1
p
− 1
r
)MS‖um‖
p
Xo(1),
that is, {um} is bounded in X .
iii). Suppose that assumptions (f ′3) and (f4) hold. To prove the boundedness of
(C) sequence {um}, we need Lemma 3.2. Set
tm =
(2dp)1/p
‖um‖X
, wm = tmum =
(2dp)1/p um
‖um‖X
. (3.31)
Then ‖wm‖X = (2dp)
1/p and {wm} is bounded in X . Hence, up to a subsequence,
we may assume that: there exists w ∈ X such that estimates (3.13)-(3.15) also
hold in this case. If ‖um‖X →∞, we claim that
w(x) 6≡ 0. (3.32)
In fact, if w(x) ≡ 0 in Ω, then (3.31) and estimates (3.13)-(3.15) imply that∫
Ω
|x|−(a+1)p+cF (wm) dx→ 0 and E(wm) = 2dp+ o(1). (3.33)
However, applying Lemma 3.2 with t = (2dp)1/p/‖um‖X → 0, there holds
E(wm) ≤
1 + |t|p
mp
+ E(um)→ d,
which contradicts (3.33), thus (3.32) holds.
On the other hand, similar to case i), (3.18) holds. Let
Ω¯ = Ω \ {x ∈ Ω : w(x) = 0}.
Then |Ω¯| > 0 by (3.32). From assumptions (f2), (f
′
3) and (f4), pm(x) ≥ 0 and
pm(x)→∞ as m→∞ in Ω¯, where pm is defined by (3.11). Hence, from (3.18),
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there holds
2dp = lim inf
m→∞
‖wm‖
p
X = lim infm→∞
∫
Ω
|x|−(a+1)p+cpm(x)|wm|
p dx
≥ lim inf
m→∞
∫
Ω¯
|x|−(a+1)p+cpm(x)|wm|
p dx
≥
∫
Ω¯
lim inf
m→∞
|x|−(a+1)p+cpm(x)|wm|
p dx =∞,
which is a contradiction, thus ‖um‖ 6→ ∞, that is, up to a subsequence, {um} is
bounded in X . 
Proof of Theorem 3.1. We shall prove this theorem by verifying the assump-
tions of the Symmetric Mountain Pass Lemma-Lemma 2.2.
1. There exists ρ > 0, α > 0 such that E(u) > 0 in B(0, ρ)\{0} and E|∂B(0,ρ) ≥ α.
In fact, in each case, assumptions (f1)-(f3) or (f
′
3) imply that E ∈ C
1(X,R) and
for any ε > 0, there exists Cε > 0 such that, for all t ∈ R, there holds
|f(t)| ≤ ε|t|p−1 + Cε|t|
r−1, |F (t)| ≤ ε|t|p + Cε|t|
r, (3.34)
from which, it is easy to see that there exists ρ > 0, α > 0 such that E(u) > 0
in B(0, ρ) \ {0} and E|∂B(0,ρ) ≥ α.
2. By the Symmetric Mountain Pass Lemma-Lemma 2.2, to prove Theorem 3.1,
it suffices to prove that for any k ≥ 1, there exists a k-dimensional subspace Xk
of X and Rk > 0 such that
E(u) ≤ 0, for all u ∈ Xk \BRk , (3.35)
where BRk is the ball in X with radius Rk.
First, we prove (3.35) in the case l ∈ (λk,+∞). Since l > λk, there is ε > 0
such that l−ε > λk. By the definition of λk, there exists a k-dimensional subspace
Xk of X such that, for the above ε > 0, there holds
sup
u∈Xk\{0}
Ψ(u)
J(u)
≤ λk +
ε
2
< l −
ε
2
, (3.36)
that is,
inf
u∈Xk\{0}
J(u)
Ψ(u)
>
1
l − ε/2
. (3.37)
On the other hand, by assumption (f3), there holds
lim
|u|→∞
F (u)
|u|p
=
l
p
. (3.38)
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Then, for the above ε > 0, there exists M > 0 large enough such that
F (u)
|u|p
>
1
p
(l −
ε
4
), for all |u| > M. (3.39)
Therefore, if u ∈ Xk with ‖u‖ = R, there holds
E(u) =
1
p
Rp −
∫
Ω
|x|−(a+1)p+cF (u) dx
≤
1
p
R2 −
∫
|u|>M
|x|−(a+1)p+cF (u) dx− C(M,Ω)
≤
1
p
R2 −
1
2
(l − ε
4
)
∫
Ω
|x|−(a+1)p+c|u|p dx− C(M,Ω)
=
R2
p
[
1− (l −
ε
4
)
∫
Ω
|x|−(a+1)p+c
|u|p
Rp
dx
]
− C(M,Ω)
≤
Rp
p
(
1−
l − ε/4
l − ε/2
)
− C(M,Ω)
< 0,
(3.40)
if R ≥ Rk and Rk > 0 large enough.
If l = +∞, similarly to (3.37), for any k ≥ 1, there exists Xk such that
inf
u∈Xk\{0}
J(u)
Ψ(u)
>
1
λk + 1/2
,
and, similarly to (3.39), it follows from assumption (f′3) and l = +∞ that there
exists Mk > 0 such that
F (u)
|u|p
>
1
2
(λk + 1), for all |u| > Mk.
Then, if u ∈ Xk with ‖u‖ = R, there holds
E(u) ≤
Rp
p
(
1−
λk + 1
λk + 1/2
)
− C(Mk, k,Ω) < 0,
if R ≥ Rk and Rk > 0 large enough. 
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